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Abstract 

We begin by presenting the superparticle action in the background of AA = 2, D = 4 supergrav- 
ity coupled to n vector multiplets interacting via an arbitrary special Kahler geometry. Our 
construction is based on implementing K-supersymmetry. In particular, our result can be inter- 
preted as the source term for M = 2 EPS black holes with a finite horizon area. When the vector 
multiplets can be associated with the complex structure moduli of a Calabi-Yau manifold, our 
0-brane action can then be derived by wrapping 3-branes around 3-cycles of the 3-fold. Our 
result can be extended to the case of higher supersymmetry; we explicitly construct the k su- 
persymmetric action for a superparticle moving in an arbitrary M = 8 supergravity background 
with 1/2, 1/4 or 1/8 residual supersymmetry. 
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1 Introduction 

Recently, a lot of attention has been devoted ||l| to the AdS/CFT correspondence between 
D-dimensional supergravity compactified on manifolds of the form 

adSp+2 X Md-p-2 (1) 

and conformal field theories on the (p + l)-dimensional boundary Bp+i of anti de Sitter 
space. In (|l|), M.D-p-2 denotes a compact {D — p — 2)-dimensional manifold whose 
geometrical structure largely determines the specific properties of the boundary conformal 
field theory. 

The situation envisaged by this correspondence arises in the context of BPS p-brane 
backgrounds with a suitable horizon behaviour. These are classical solutions of D- 
dimensional supergravity that interpolate between two different vacua, namely flat D- 
dimensional Minkowski space at infinity and the product manifold (|I|) near the horizon 
P|. In addition, they are BPS states in the sense that they preserve some amount of 
supersymmetry. As a consequence of this there is a saturation of a bound relating the 
mass density to the charge. 

Actually p-branes are solutions of supergravity plus sources (see for instance [§): in- 
deed, one has to supplement the bulk supergravity action with the world-volume action 
of p-extended objects carrying the charges measured at spatial infinity. 

The construction of these world-volume actions for p-branes is mainly based on the 
principle that they should be K-supersymmetric, namely that there should be a suitable 
projection of the target space supersymmetry that is promoted to a local fermionic sym- 
metry on the world-volume. Implementing K-supersymmetry on the world-volume puts 
the background supergravity fields on shell and requires that the superspace Bianchi iden- 
tities be satisfied [^ ||, p. Furthermore, by gauge-fixing the K-symmetry, one halves the 
target space fermionic coordinates providing the correct number of bosons and fermions 
for a supersymmetric world-volume theory. 

When the K-supersymmetric action that describes the coupling of the p-brane to 
generic supergravity backgrounds is known, one can study its properties in any given back- 
ground solution. Choosing an appropriate K-gauge one derives a consistent world-volume 
field theory that inherits as global (super) symmetries the (super) isometry group of the 
chosen background. For instance, in the background (|l]) one can derive a superconformal 
field theory on the anti de Sitter boundary Bp+i starting from the p-brane world-volume 
action |j^ . Indeed, in this case the supersymmetric extension of the anti de Sitter isometry 
group S0{2,p + 1) acts as the superconformal group on iSp+i. Such a construction has 
been used recently to investigate the properties of the singleton conformal field theory 
living on the anti de Sitter boundary of M2 and 3-branes [Q. 

The BPS black-hole solutions of D=4 supergravities [§, [1^, |11| fit into the above 



scheme as instances of 0-branes. However, the K-supersymmetric action for superparticles 
has been derived so far only in the case of a pure J\f = 2 supergravity background |]I2| . 



The purpose of this paper is to extend such a construction to more general supergravity 
backgrounds. Firstly, we present the case of an arbitrary Af = 2, D = 4 background 



provided by supergravity coupled to n vector multiplets interacting via a generic special 
Kdhler geometry. Secondly, we extend our result to A/" = 8 supergravity. 

The main new issue involved in our programme is the coupling of the 0-brane to the 
scalar fields. As we are going to see this coupling occurs in a very simple and elegant way 
through a real function 

\Z{cl>J,qj)\ = ^=(ZABZ , (2) 



/2i/ 

where v is the number of preserved supercharges, sitting in front of the kinetic term. As 
will become apparent in the following, the real function (0) is the modulus of the largest 
skew eigenvalue of the field-dependent central charge tensor Zab- The hat appearing in 
(0) denotes a suitable projection operation that extracts the contribution from the largest 
eigenvalue. The numbers p^, qj are the magnetic and electric charges of the black hole 
and (f) are the scalar fields. In the M = 2 case the scalars belong to the vector multiplets, 
in the J\f = S case they belong to the graviton multiplet, but the form (^ of their coupling 
to the superparticle action holds in both cases alike. This result could be heuristically 
justified recalling that for a usual particle the worldline action is multiplied by the particle 
mass and that in the case of a BPS state the mass should be equal to the central charge. 
The main difference is that in supergravity the central charge is field dependent. 

Our result will be derived requiring K-supersymmetry: it has a general validity within 
A/" = 2 or A/" = 8 supergravity. If the A/" = 2 supergravity model can be obtained 
from the type IIB superstring compactified on a Calabi-Yau (CY) 3-fold a geometric 
interpretation of our 0-brane action naturally arises: it corresponds to the wrapping of 
the 3-brane world- volume action on a supersymmetric cycle of the Calabi-Yau manifold. 

2 Af = 2 black holes solution 

The BPS black hole solutions of A/" = 2 pure supergravity have been introduced in |Q. 
They have been extended to the coupling with n vector multiplets in [l^. The interplay 



between the BPS conditions and special Kahler geometry was found by ||T3[ . In particular, 
in that reference the relation of the black hole entropy with the central charge and the 
so-called geodesic potential was clarified. These concepts were further discussed in a 



vast literature; see, for example, |TT[ for a review. The relevant features of these field 



configurations are the following ones. 

1. The solutions are characterized by the vector of electric (qj) and magnetic (p^) 
charges carried by the black hole and by the values z^ of the moduli (scalar fields 
of the vector multiplet) at spatial infinity. 

2. The metric has a universal behaviour near the horizon r = 0, where it approaches 
the Bertotti-Robinson metric |]T^| 



1 dr'^ 

dslj, = - ^ ^ r^dt^ + (G^mBR)' ^ + {GNmBK? (sin^l^) d<j)^ + dO^) , (3) 



describing the geometry of adS2 x S'^ . The parameter rriBR, named the Bertotti- 
Robinson mass, depends only on p and q. 

3. The complex moduli fields z*, starting at infinity from arbitrary values z^, fiow 
at the horizon to fixed values Zg^ ^^^^ depend only on the quantized electric and 
magnetic charges q and p. 

Let us briefiy recall the basic ingredients of TV = 2, D = 4 supergravity and the way in 
which its BPS black hole solutions arise. The bosonic part of the supergravity action is 
(with k\ = StiGn = 1) 



C, 



\ i {Uu:f-J:f-'\^^ - Mijt;It^'\^') ] . (4) 



The action is defined in terms of scalars z^ and vectors A^ whose field strength is the 
electric 2-form T^: 

J^i = d£ = iJ^lJx^" A dx" = \{d^A[ - d^Al)dx^' A dx" . (5) 

Our convention for (anti) self dual tensors is as follows: 

M^^ 2 W t^u -^ '■2 t^i^P^ ^ J ■ V '' 



The scalars are in a symplectic section of special geometry (see |[T5|, [T^): 

where e~'^^'^X\z^), e~^^'^Fj{z^) are holomorphic, and IC is the Kahler potential. The 
covariant derivative of this section, 



Ui = V^V = (9, + i9,/C) ^ = (/\ 



defines // and hj\i, which in turn are sufficient to determine the metric on the scalar 
manifold Qij and the kinetic matrix A/" in (^: 

9ij = i [fi hi\j - hi\Jj 
The field equations of the vector fields involve the magnetic field strengths 



Fj=AfjiX' , hj.=Afjjf^. (9) 



defined by the variation of the Lagrangian with respect to the electric field strengths. The 
electric and magnetic charges of the black hole are defined by the formulae: 

qi = ^ I Gi ; p^ = ^ f T^ . (11) 



Note that p and q are not necessarily integer. Indeed, the Dirac quantization condition 
gives that for two objects with charges {p, q) and (p, q) 

8TTk'^{qip' -p^qi) eZ (12) 

To have integer p and q, allowing 1 as the lowest value, we thus have to take k = l/v^Svr. 
We will, however, leave k arbitrary to facilitate comparison with other papers. 

The black hole configuration solves the field equations from the action (^ and also 
satisfies the BPS conditions, which are just the statement that the supersymmetry trans- 
formations of the fermionic fields, the gravitino ip^ and the gaugino A*"^, are zero: 

= V,z^re^{x)-lG;:Y''eB{x)e^'' , (13) 

where P^ contains spin connection and Kahler connection. The graviphoton and matter 
field strengths, appearing in the above transformations, are 

G;- = -cfU^{lmM)j,{Tl-). (14) 

BPS black holes are solutions of (|T3|) with a supersymmetry parameter eA{x) of the form 

7oeA(x) = ±-— -e^ije^(x) , (15) 

where 

Z{zrz.P,q) = ^ l^ T- = Fjp'-X^qj (16) 

is the central charge. The projection ([15|) halves the number of components of the spinors, 
and it is the same projection, as we will see, satisfied by the k symmetry parameter. 

In general the BPS black hole solution depends on radial functions U{r) and z'^{r), to 
be determined below. The metric is 

admitting IR x 5*0(3) as the isometry group. The spatial parts of the field strengths are 

J^i = -^eijkx'dx^ A dx^ ; Gs,! = ^eijkx'dx^ A dx'' (18) 

With this parametrization, the explicit form of the first-order BPS conditions (|T^ is 

-^ = ±kl^-^jg%\Z{z,z,P,q)\, (19) 

- = ±ki-^]\Fjp-^-X^qA = ±ki^\Ziz,z,P,q)\. (20) 



Only the upper sign is physical as argued in [^ . 

The first-order equations (|l^) have a fixed point, which we put at r = 0, by the 
condition VjZ{z,z,p,q) = 0. This defines the fixed values z}^^, and correspondingly the 
fixed value of the central charge 

Z{p, q) = Z{z{i^, 5fix, p, q) . (21) 

The fixed point is the horizon. Indeed, in the vicinity of the fixed point the differential 
equation for the metric becomes: 

^ = A;^%^e^«, (22) 

dr r^ 

which has the asymptotic solution: 

exp[— f/(r)] ^^ constant + k '- . (23) 



Hence, near r = the metric (|T^ becomes of the Bertotti-Robinson type (^, with 
Bertotti-Robinson mass: 

mBR = 8TTk\Z{p,q)\. (24) 

3 The tv supersymmetric action of a 0-brane 

In this section we derive a simple formula for the worldline action of a 0-brane moving 
in the background geometry provided by a generic on-shell field configuration of A/" = 2 
supergravity. In particular, our action describes the 0-branes corresponding to the black 
hole solutions discussed above. 

To write the worldline action we use Polyakov first-order formalism. Hence we intro- 
duce the worldline einbein 1-form 

e = Crdr (25) 

and the auxiliary 0- forms H"^ that, on shell, become the worldline components of the 
spacetime supervielbein, satisfying the supergravity Bianchi identities 0, ||, ||: 

V" = We . (26) 

We write the following ansatz for the worldline action: 

S^, = Airk 11^^ R{z, z) [(-W V' + \W H" e) r^.^ + ^ e] + j^^ (/ Qj - qi J^') | , 

(27) 
where {p'^ , qi) is the vector of integer magnetic and electric charges ([Tl|) , while R{z, z) is 
a real function of the scalar fields that we have to determine in such a way that the action 
is K-supersymmetric. Furthermore, in the Wess-Zumino (WZ) term we introduced an 
integral over a two-dimensional manifold M2 whose boundary is the worldline Mi = d M2. 
The normalization of the WZ term is fixed by ([TTD and the vector equation of motion. 
The action (^7|) is to be varied independently with respect to: 



1. The auxiliary 0-forms 11". Such a variation yields the identification (|26| ) as a field 
equation. 

2. The einbein e. Such an equation yields: 

77„,n"tf = -i, (28) 

which is the intrinsic way of stating that the worldline metric is the induced one 
from the target spacetime metric. Indeed equation ( ]28|) can be read in the following 

way: 

1 , (29) 



Vab 


ya 




dx^ 
dr 


dx" 
ax ^,, 

dr 


h^^ 


= 


1 


1 


hrr = 



where 

1 

-CrCr (30) 

denotes the contravariant worldline metric. 

3. The target superspace coordinates x and 9. This yields the second-order field equa- 
tions. 

To discuss K-supersymmetry we need the ordinary M = 2 supersymmetry transformation 



rules of the bosonic fields 19, 16 



5V^ = e^'r^A.+ eAY^t^ 

5 4 = 2X'i>A,eBe^'' + 2X^^;f e^e^B - (// X'^l.e^ eAB + // X^Al^en e^^' 

6z' = X'\a , 

Sz' = A^e^ . (31) 

In the above formulae A*^ and A^ denote the two chiral projections of the (conjugate) 
gaugino field. In addition to A^ we need to introduce a dual magnetic potential -Bj|^ 
whose field strength is Qj: 

Qj = dBj = lgj\^udx^ A dx" = |(9^5j|, - d,Bj\^)dx^ A dx"" . (32) 

By consistency, the supersymmetry transformation rule of the dual magnetic potential Bj 
is defined as 

5Bi\^ = 2Fj^A>.eBe^'' + 2Fj^yeAB - (/i/|. y^lf.e'' eAB + hi\T \\l^.eB e^^) . (33) 

The n transformation is simply a supersymmetry transformation where the supersym- 
metry parameter eA = ha is projected on the 0-brane through the following equations: 

KA + eABn'^7a«:V^ = 0, 
^A ^ e^i?n"7,fi:Be-'^ = 0, (34) 



where ^p is an appropriate phase that we identify below. Note that the above 0-brane 
projection on the K-supersymmetry parameter is identical in form to the condition (|15D 
imposed on the parameter of the supersymmetry preserved by the BPS black holes. This 
can be easily checked by going to a static gauge where the worldline time r is identified 
with the coordinate time t. 



Now we prove the following statement: the action ^1{ ) is k- super symmetric if the real 
function is chosen as follows: 

R{z,z) = -2\Z{z,z)\ . (35) 

We obtain the proof by direct verification using the '1.5-order formalism'. This means 
that we vary the action (^) only in the superspace coordinates x and 6 and after variation 
we implement the field equations of the auxiliary fields 11" and e. 

With this proviso there are only three relevant variations, namely that of the vielbein 
V"', that of the gauge fields A^ , Bj and that of the scalars z\ z\ In this way we produce 
two kinds of terms, those containing the gravitino if) a-, 4'^ and those containing the gaugino 
A*"^, A^. Such terms have to cancel separately. The variation of the gauge fields contains 
both type of terms, while the variation of the vielbein contains only the gravitino and the 
variation of the scalars contains only the gauginos (see (0) and (|33|)). Let us concentrate 
first on the gravitino terms. We obtain: 



-SkS^I = I R{Z,Z) IpAlaK."^ + 'ip'^laK.A 



n° 



Airk JMi 

-2qj f (X' 4ja ^b e^"" + X' ^^ t,^ eab] 

JMi ^ ' 

+2/ / [Fj^AHBe^'' ^Fj^^K^eAB) ■ (36) 

We simplify the terms in (^) that contain the 7^ matrix by use of the projection property 

i)Ala^^^'' = -e-'^e^''^A7a7bKBll^Il'' = -e-'''e^''^At^BTl''Il'Vab 
= e-'^e^^'^AKB 

= e'^eW''^'', (37) 



where we have also used the first-order equation (|^) . Inserting (|37|) into (^6]) we see that 
all the ipAji^^ terms cancel if 

Z=[p''Fj-qiX') = -ii?(z,z)e-'^ 

Z={p'Fj-qjX') = -lRiz,z)e'^. (38) 

Hence we conclude that 

R{z,z) = -2\Z\ ; ip{z,z) = lilog^ . (39) 
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At this point the action is completely fixed and no further parameters can be adjusted. 
The very non-trivial check of K-supersymmetry is that the same choices (|39|) needed to 
cancel the gravitino terms guarantee the cancellation of gaugino terms as well. To verify 
this, we need to consider the variation of the real function R{z, z). We obtain: 



8i^R{z,z) 



1 



Z V,Z 5z' + Z V,Z 5i' 



_e-^ (/ hi\, - qj //) A^-^ KA - e'^ (/ hj\, - qj ff) \\ k' 



(40) 



Note that in deriving (^O]) we have used the property that the central charge is covariantly 
holomorphic V^Z = 0. Using (^0]) we conclude that at the level of the gaugino terms the 
K-supersymmetry variation of the worldline action is as follows: 



Ank 



5k.S. 



Avl 



A/i 



P' hi\i - qj //) A*^ KA e-'^ + (/ hi\, - qj f-^) ^a ^^ e'H W V' r^^b 



p'hj^,-qjff) y^^^n^eAB+ {p' h\, - q.j f-^) A^a 7a«:B e^'^ ] V^ .(41) 



Using the projection property ( P^ of the K-supersymmetry parameter we can reduce the 
terms containing the 7^ matrix in complete analogy to (^): 



A*^ la f^"" eAB V = -e-'^ A*^ 7a e^^ U" 7, kc cab V' = e-'^A^^/t^ V^W r], 



ab 



^A laf^Bf^ V 



-e'^ X'a la tBC n" 76 1^"" eAB V' = e''^A>^ V'^T]' 



Vab 



(42) 



Inserting the identity (^) into (^) we verify that all the gaugino terms cancel identically. 
This concludes the proof of our statement. 

Now that we have shown that the action (|27|) is supersymmetric with the choice (p9|), 



we can use the first-order field equations (|28|) and (^61) to recast the action in second-order 
form. To do this explicitly at the level of both the fermionic and bosonic coordinates we 
would need an explicit parametrization of the spacetime supervierbein V"' in terms of 
both X and 6. For the bosonic part we obtain 



S = 47ik 



2/ \Z\J^rdT+ f (pJQj-qjJ^' 

Jhh JM2 ^ 



(43) 



where the induced metric /i^,-, defined by ([30|), is given in (pOj). Note that the mass we 
find here as a source term for gravity agrees with (|2^) . 



4 Derivation from 3-brane wrapping 

The 0-brane action constructed in the previous section has a fully general validity. Indeed, 
as we emphasized above, its k supersymmetry relies only on the general identities of special 
Kahler geometry, irrespective of whether the vector multiplet complex scalars z^,z^ can 
be interpreted as moduli of a Calabi-Yau manifold or not. 

In the case where vector multiplets are associated with complex structure moduli of a 
Calabi-Yau 3-fold A^cy, giving the compactification of type IIB string theory from 10 to 
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4 dimensions, then our 0-brane action admits a geometrical interpretation as the result 
of wrapping 3-branes along suitable 3-cycles. For simplicity, we restrict our attention to 
the bosonic action (0). The full identification is guaranteed by K-supersymmetry that 
has already been proven. 

We start from the bosonic world- volume action of a 3-brane in type JIB string theory; 
for our purpose we can limit ourselves to its 'Nambu-Goto' kinetic term and its coupling 
to the Ramond-Ramond 4-form, namely 

^3 = -— / d^iJ-deihrr^n + /^S / F^ . (44) 



Here hmniO is the induced metric 

where Gmn is the 10-dimensional metric, and the fields X*^(^) describe the embedding 
of the brane in the 10-dimensional space. The tension of the 3-brane is T3 = ^/^l and 
it is related to its RR charge by the BPS condition fj.3 = \/2Tz. Further, kiq is the 10- 
dimensional gravitational coupling constant which appears in the Einstein-Hilbert part 
of the 'bulk' type II supergravity action as 



S^ 



-^ fd''^xVGR{X) + ... . (46) 
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IIB 

We wrote the Wess-Zumino term as an action on a five- dimensional manifold M5, having 
the 3-brane world-volume M4 as its boundary. 

We compactify the theory to 4 dimensions on a Calabi-Yau space; accordingly, we 
decompose the 10-dimensional coordinates as X^ = (x^,?/",|/"). The metric has a direct 
product form: the only non-zero entries are G^,y, the 4 dimensional metric, and G^^, 
the metric on the CY space. Notice that upon compactification, the integral over the 
Calabi-Yau space contributes in (^Bp with a factor 

K:,Y= / id^yd'y det G^^ , (47) 

■jMcy 

the volume of the CY manifold. Therefore, the effective gravitational constant in 4 di- 
mensions, that, as usual, we have conventionally taken to be 1, is 

K, = ^ = l. (48) 

This will be important below. 

We consider the case in which the 3-brane is wrapped on a non-trivial 3-cycle of the 
internal CY manifold. Then the embedding of the brane is as follows: 

x'ie); y"{e); r(r) , (49) 

having split the coordinates on the world- volume as ^"^ = {^^, ^*), with i = 1, 2, 3. 
We now consider separately the kinetic terms and WZ-terms. 

9 



Wrapping the kinetic term. Although it is very simple, we do not write the explicit 
form of the first-order 3-brane action since we can reach our conclusion by working directly 
in the second-order formalism. The second-order bosonic action of the 3-brane (|4^) is given 
in terms of the induced metric (|45|) . Due to the direct product structure of the metric G, 
the metric hmn is block diagonal, and det(— /imn) is a product of — /ioo = —x^^G^^^x^ times 
the determinant of the 3x3 matrix 

^*i = 2^^G„^, (50) 

that is the pullback of the CY Kahler metric G^p on the 3-cycle. 

As a next step we show that the integral on a 3-cycle C^ of the 'spatial' part of the 



kinetic action (^41) is proportional (through a constant) to the modulus of the central 
charge 

/ d^i^dei hij = Sy^k Vci^ \Z\ , (51) 

if C^ is a supersymmetric cycle [^. A supersymmetric 3-cycle of a CY is described by an 
embedding / : C^ — > A^cy satisfying two conditions. 



1. The cycle is a Lagrangian submanifold, namely the pull-back of the Kahler 2- form 
J vanishes: 

i dy" dy^ 



= rJ= —Gc-p^^dC A rfe • (52) 



2. Introduce the function cj) as follows: 

r^ = fi„^,^^|p dc A de A de = Q<pd'^ , (53) 

where Q is the unique holomorphic 3- form on the CY space, and in our conventions 
dC,^ A d^^ A d^^ = e^^^d^S,- Then the phase of (j) has to he constant. As will become 
evident, this is a minimal volume condition. 

It is not guaranteed a priori that supersymmetric representatives exist in any cohomology 
class; their existence may thus restrict the allowed values of electric and magnetic charges. 
The latter specify indeed, as we shall see below, the cohomology class of the 3-cycle. 
In order to compute det hij we need to consider the induced metric on the world- volume 

det hij = 8 \det{diy^)f det G^p , (54) 

using the definition (0), combined with the first of the two conditions defining a super- 
symmetric cycle, equation ([^). Since Q is covariantly constant on the CY 3-fold, its 
norm 

llfif = lG^^'G^^'G^rr^^^^^^,.,_, = (detG',^)-i|fii23|' (55) 
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is a constant. From the above relation we can obtain the expression of the determinant 
of the Calabi-Yau Kahler metric and insert it into (|53) . We find 



det hi 



det(5,i/")fii23r 



I0P 



(56) 



where in the last step we have used = f2i23 det((9j?/°), as follows from (^). 

Next we recall that for the special Kahler geometry the Kahler potential /C is defined 
as 

-'^ - ' in A Cl = 36\\nf VcY 



McY 



(57) 



with VcY defined in 
(3, 0) form 



Here and in the following it is useful to introduce the rescaled 
tt = e^l'^n , (58) 



which thus satisfies /^^^ fi A fi 
— ^ / SiJ^Qi hi^ = I 






-i. Inserting 
1 



into 



we obtain 



> 



M 



d' 



C3 



1 



eilfil 



C3 



rn 



V, 



1/2 



CY 



C3 



rn 



(59) 

It is now clear that the bound is saturated whenever the phase of is constant over the 3- 
brane. In virtue of condition (|53D this happens for the supersymmetric cycles. Therefore, 
for these latter cycles we obtain indeed (pTD, since the central charge can be expressed as 



SvrfcZ 



C3 



rfi. 



(60) 



Equation ( |60D is established through the following steps. First one recalls that the holo- 
morphic symplectic section of special geometry is provided by the periods of the holomor- 
phic 3-form along a homology basis: 

Then one interprets the electric and magnetic charges of the black hole as the components 
of the cycle C^ in the same homology basis: 

C^ = v^/c (-g/ A^ + p-^ Bj) . (62) 

The overall factor is introduced because p and q have arbitrary normalization. Considering 
(|12|), we see that the minimal value of q and p is l/(v^87r/c), leading to the factor above. 
Comparing with ([T6|) , this leads immediately to (|60|). 

In this way we have established that wrapping along a supersymmetric 3-cycle the 
kinetic term of the 3-brane we get 

(63) 



S- 



3,Kin 



/ rf^f \/- det hmn = -f drJ-hoo I^PivU} ^f^k \Z\ 

J Ma * Kin J Ml * 



-— / d\ 

KiQ J Ma 



hnodr 



= -Snk / \Z\ 

JMi 

which is the kinetic term of the 0-brane in the form we have discussed in the previous 
section. 
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Wrapping the Wess Zumino term. To obtain tlie WZ part of tlie 0-brane action, 



we consider the WZ action for the 3-brane action (^i]) , written as an action on a five- 
dimensional manifold M5, having the 3-brane world- volume as its border. The Ramond- 
Ramond field strength F^ is real and self-dual. Using the results in (|135|) , it contains 
upon compactification self-dual field strengths in 4 dimensions multiplied by (3, 0) and 
(1, 2) forms and antiself-dual field strengths with (0, 3) and (2, 1) forms. Considering 
Kahler weights and symplectic invariance we fix the expression of the WZ action in terms 
of the graviphoton and matter field strengths T and G* defined in (0): 



S^ 



3,WZ 



M. 



/.3& / n^^''\-i)T+ + ni'''^2G+' + c.c 



(64) 



The factor b should be chosen such that b times the integral gives -\/27rZ, according to the 
quantization condition (see e.g. (13.3.12) and (13.3.13) in |2l|). Here, f2(^'°) is the (3,0) 
form which we previously just denoted as Q, while flj ' are a basis of (1, 2) forms provided 



by Kahler covariant derivatives from its complex conjugate ^2^°'^^ This expression 
symplectic covariant. Indeed, due to the special Kahler identity 



iX^T+ + 2//G+' = J^^ 



it can be written as 



'S's.wz 
where Y is the invertible (n + 1 



Ms 



Y-^jrl 



C.C. 



X (n + 1) matrix 
Y = {X^ fi) 



I) is 

(65) 

(66) 
(67) 



The integral is performed over M5 which is M2 x C^, the former being the manifold whose 
boundary is the worldline Mi as in (pTf). We perform the integral over the supersymmetric 
cycle C^, using (0), which can be written elegantly as 

(l](3,o) f^(i,2)^ _ V^k{p' qj 
= vSnk ( p^ qj 



C'i 





-1 


-1 



This allows us to write the WZ term as 
'S's.wz 



1 




fi3b Vs^k f {-qi + p''Afji)J^^+ + c.c 

J Ah 

fi^bVS^k f {pJQj-qjJ^^) . 

JMo 



X' 

Fi 

Y 

MY 



-l-r-H 



fj 



(68) 



Y-'r 



c.c. 



(69) 



Using (pUD and (|T^ one now establishes that 6(^/87rA;)47rA;/(87rA;^) = v27r, as we demanded 
before, thus 6 = 1. With /is = -\/27r we find the same result as in (|43|). Putting together 
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the Wess-Zumino and the kinetic term we have shown that the wrapping of the 3-brane 
action over a supersymmetric CY cycle leads to the 0-brane action derived previously, 
(|43D. Let us note that in ||2^ it was shown that by wrapping a D3-brane on a cycle 
of a T^/Zs orbifold, one obtains a Reissner-Nordstrom black hole solution of A/" = 2 
supergravity. 

5 Generalization to higher J\f supergravity, in partic- 
ular A/" = 8 

In this section we discuss how our result for the 0-brane action coupled to A/" = 2 su- 
pergravity can be extended to the case where the 0-brane moves in a higher extended 
supergravity background. In particular, we focus on the case A/" = 8, for which the BPS 
black holes have been constructed and classified in p3|,p^,p5| . 



As we show below the structure of the Af = 8 0-brane is very similar to that of the 
A/" = 2 brane and it is almost its straightforward generalization. Yet it is clear that 
for A/" > 2, there is the possibility of having BPS configurations that preserve different 
fractions of supersymmetry. In particular, the BPS black holes for the case A/" = 8 fall 
into three different classes, depending on the fraction of supersymmetry 

^, !/= 1,2,4, (70) 

that they preserve. Similarly, we will discover that there are three classes of A/" = 8 
0-brane actions where the worldline K-supersymmetry has, respectively, 1/2, 1/4 or 1/8 
of the 32 = 8 X 4 components possessed by A/" = 8 spacetime supersymmetry. Indeed, 
as it was already the case in A/" = 2 supergravity, the appropriate projection satisfied by 
the K-supersymmetry parameter coincides with the projection equation satisfied by the 
black hole BPS Killing spinor. It follows from these introductory remarks that, in order 
to discuss the A/" = 8 0-brane actions we have to recollect some results and properties of 
the corresponding black hole solutions. 

Table 1: The three classes of A/" = 8 BPS black holes 

~ SUSY Central Charge C^tab C SU(8) 

1 1/8 Zi(oo) ^ ^2(00) ^ ^3(00) ^ ^4(00) USp(2)4 

2 1/4 Zi(oo) = ^2(00) ^ ^3(00) = ^4(00) USp(4) X USp(4) 
4 1/2 Zi(oo) = ^2(00) = ^3(00) = ^4(00) USp(8) 



As discussed extensively in p4|, [TT|, the three cases u = 1, 2, 4 are characterized by the 
structure of the central charge at infinity or, more intrinsically, by the covariance group 
of the corresponding Killing spinor equation. In A/" = 8 supergravity the central charge 
Zab is an antisymmetric field tensor transforming in the 28 representation of SU{8). By 
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means of SU{8) local transformations it can always be brought to normal form, namely 
skew diagonalized as follows: 

Zab = diag(Zi£:, Z26, Z36, Z^e) ; e = ( _^ A , (71) 

and the complex numbers Zi{x) (i = 1, . . . , 4) are the four skew eigenvalues. The structure 
of these eigenvalues at spatial infinity (r -^ 00) characterizes the three distinct orbits of 
jV = 8 black holes. If we consider the A/" = 8 supersymmetry algebra generated by these 
Killing spinors, where we have put Zab in block-diagonal form (0), then the analysis of 
the BPS bound on a state of mass M reduces to the usual M = 2 analysis for each block. 
Thus we must have 

M > \Zi\ > IZ2I > \Z^\ > \Zi\ , (72) 



having assumed in (|7l|) a specific ordering of the eigenvalues. When all Zi are different, 
the BPS bound can be saturated in the first block only: M = ±|Zip. If this is the case, 
a combination of the supersymmetry charges with indices in the first block annihilates 
the state, and 1/8 of supersymmetry is preserved. When Zi = Z2, the saturation of the 
BPS bound occurs simultaneously in the first two blocks: M = \Zi\ = \Z2\, leading to 
2 preserved combination of supercharges (1/4 of the total number), and so on. When 
all the eigenvalues of Z are equal, BPS saturation corresponds to conservation of 1/2 of 
supersymmetry. The result is shown in table |T|. 

The stability subgroup Gstab C SU{8) of the central charge is related to, but not 
identical to, the covariance group of the Killing spinor equation. By the definition of 
the BPS state the supersymmetry transformations vanish in the black hole background if 
they are taken along a special supersymmetry parameter eA, the Killing spinor, satisfying 
a suitable projection equation, which is the higher- jV generalization of dTSf). 



As formulated in [^, |2^, |25|, such a condition is the following: 

7o eA = tuab^^ , 7o e^ = w^^es , (73) 

where, in block notation, 

ZUaB = ^ = diag(€2ux2u,0{8~2u)xi8^2u)) ■ (74) 

The real antisymmetric matrix €2;/ x2!y satisfies C2^^2i/ = —^2ux2i^- Notice that (|73D implies 
that the Killing spinors are projected to the upper 2z/ x 2z/ block: 

eA = hA''eB, e^ = /i^Be^, (75) 

by the matrix 

hA^ = -ZUAC^^^ = diag (l2vx2i/, 0(8-2i.)x(8-2;.)) • (76) 

The three choices u = 1,2,4 correspond to 1/8, 1/4 and 1/2 of preserved supersymmetry, 
respectively. 

The invariance group Gi^^ of the Killing spinor equation (|73D is Ginv = USp(2z/) x 
U(8 — 2z/), i.e. the SU{8) subgroup that leaves the matrix zuab unchanged. 
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The structure of the Kilhng spinor projection is related to the structure of these 
eigenvalues Zi of the central charge. Indeed, by direct construction of the BPS black hole 
solutions three distinct possibilities, listed in table |l|, have been found. 

Comparing with our previous discussion we see that the two groups Ginv and Gstab 
admit the common factor USp{2i'). However, Ginv is bigger, as for its determination only 
the blocks of Z containing the highest eigenvalue(s) matter. 

The analogy between the Af = 8 equation (|73D and its J\f = 2 counterpart ([TsD is 
complete only if, in the latter case, we get rid of the phase Z/\Z\ by imposing reality of 
the central charge Z = \Z\. In the M = 2 theory this is a f/(l) gauge choice that can 
always be reached by means of suitable Kahler transformations. However, as our previous 
experience teaches, if we want a f/(l) gauge covariant form of the K-supersymmetric action 
we had better keep the phase Z/\Z\ in place and write the projection on the K-symmetry 
parameter as given in (|3^) . So, although the black hole solutions of A/" = 8 supergravity 



have been derived starting from equations (|75D, the previous observations suggest that 
such a construction is based on a SU{8) gauge-choice that we had better undo in order 
to obtain an SU{8) covariant form of the 0-brane K-supersymmetric actions. Indeed, the 
role of f/(l) is now played by the group SU{8) which is both the automorphism group of 
the J\f = 8 supersymmetry algebra and the isotropy subgroup of the homogeneous scalar 
manifold. 

To discuss the SU{8) covariantization of the Killing spinor equation (|73|) we have to 
review the basic ingredients of the A/" = 8 theory and fix our conventions. 

5.1 Scalar fields, £"7(7) structure and the central charge 

The theory possesses 70 scalar fields 0^ that span the non-compact coset manifold E-jij-^/ SU{8). 

Using standard notations (see, for example, 0]) these fields are introduced through the 

coset representative ]L(0), that is an -£^7(7) matrix in the fundamental 56 representation. 

We have 

f + ih 



1L = ^ 

V2 



1 ( f + -^h 



(77) 
f-ih ' 



\f-^h 

where the 28 x 28 submatrices {h, /) are labeled by antisymmetric pairs (A, S) and {A, B), 
with A, E = 1, . . . , 8 and A,B = 1, . . . ,8, the first pair transforming under -£^7(7) and the 
second one under SU{8): 

{hJ) = (h^^ABj''^AB) . (78) 



As expected from general arguments we have IL G USp {28,28). Indeed, the theory 
contains 28 gauge bosons so that we have 28 electric field strengths and 28 magnetic ones 
which have to transform into one another through elements of the USp{28, 28) group. 
The vielbein Pabcd and the SU{8) connection VLa^ of E(j^tI SU (8) are computed from 
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the left-invariant 1-forni IL ^dlL: 

JL-^dJL 



Pabcd 



(79) 



SiAlC^sf 



where Pabcd = PABCD,id^\ with (i = 1, . . . , 70), is completely antisymmetric and satis- 
fies the reality condition 

Pabcd = -zt^abcdefghP ■ (80) 



The bosonic Lagrangian of A/" = 8 supergravity is ^7_ 



C = j ^^d'x(-\R+\lmUK^\r^F^u''''F^^\^^ -\PABCD,Pt''''^d,^^d^^^ + 



+ |Re A/XsirA- 



^fiupa 



AS TpFA 



-9 
where the gauge kinetic matrix A/asifa is defined by A/" = hf^^, i.e. explicitly by 

A/aeIFA = hAT,\AB (/~ ) TA • (82) 

The same matrix relates the (anti) self-dual electric and magnetic 2-form field strengths: 

Gas = A/aeifaP" , G^E = A/asifaP , (83) 

where the dual field strengths Gas 5 ^^^^ ^s before, defined by G^^ = f ^flrss- Note 
that the 56-dimensional (anti) self-dual vector f F^ ^^, Gae) transforms covariantly under 
Sp{5Q,]R). The matrix transforming the coset representative IL from the USp {28,28) 
basis, ([77|), to the real Sp (56, IR) basis is the Cayley matrix: 

ILusp = ClL^pC-S C=(J _;[J . (84) 

Having established our definitions and notations, let us now write the dressed graviphoton 
2-form, defined according to the obvious generalization of (p!^: 

T^-J = h^^AB ($) F-^"" - f'^AB m GXe • (85) 

In a way similar to the M = 2 case we also have the identities: 

Tij, = Q^T2s = TAB; fi^ = 0^f+^^ = f^^. (86) 

Thus we can define the central charge: 

Zab = — Tab = ^asiabP — / abQat, , (87) 
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which, as we aheady anticipated, is an antisymmetric tensor transforming in the 28 
irreducible representation of SU{8). In (^) the integral of the 2-form Tab is evaluated 
on any static 2-sphere and the quantized charges (p^^, ^as) are defined, in analogy with 
(P^TD (choosing in this section the normalization with k = 1/4) by 

P^^ = - / F^^ , gAs = - / Gas • (88) 

Given these preliminaries let us now review the general form of the 1/2 and 1/4 BPS 
black hole solutions as constructed in EM and compute the corresponding field-dependent 



central charge. This gives us the opportunity to see, through explicit formulae, how the 
Killing spinor equation (|73| ) can be translated in terms of the central charge and in this 
way SU{8) covariantized. 

5.2 The 1/2 Black-hole and its central charge 

In the 1/2 supersymmetry-preserving case (z/ = 4), the Killing spinor projection ( [73D 
involves the matrix 

^=C8x8, (89) 

so that the projector Ha^ is simply 6a^- Recalling the results of |]2^, let us write the 
BPS black hole solution admitting the gauge-fixed Killing spinor ([73|) , that contains a 
new parameter q. The metric is 

ds^ = - [if (x)]"'/' dt^ + [H{x)f^ dx^ . (90) 

The electric and magnetic field strengths are, respectively, 

jtAe _ -gC^s [H{x)Y^ -^dt A x-dx , 

Ga^ = -q€Aj:[H{x)]'/^ ^dx^ Adx'e^jk. (91) 

The scalar fields are described through the coset representative 

/ll = ^C^'C^B [H{x)]-'/' , 

hA^AB = -^CasC^b [Hix)f^ , (92) 

where H{x) denotes a harmonic function in the 3-dimensional transverse space with 
boundary condition H{oo) = 1. Typically one has 

H{x) = l + - , (93) 

r 

where q is the same parameter appearing in (W^). 
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Inserting ( ]9T| ) in the integrals ( ]88| ) we obtain the values of the electric and magnetic 
charges for this solution: 

/'' = ; gAs = -g<CAE, (94) 

and using (0) and ( ]92D into (|^) we obtain the central charge: 



Zab = -^ [Hix)]-'^' €ab . (95) 

From the explicit form ( pSj) we see that the central charge at spatial infinity approaches 
an antisymmetric matrix with four coinciding skew eigenvalues: 

Zab'^^€ab, (96) 

as expected from table |I|. On the other hand, near the horizon r — > the central charge 
goes to zero as r^/^. This confirms what we also expect on general grounds, namely that 
the entropy of the black hole, proportional to the horizon value of (Zab Z'^^Y^'^ is zero 
in the 1/2 SUSY case. 

As we stressed at the beginning of this section, by writing the Killing spinor equation 
in the form (|73D we have worked in a fixed SU{S) gauge. Yet it is now quite easy to 
relax this gauge choice by performing an arbitrary, local SU{8) transformation on the 
expression we have obtained for the central charge. Let U{x) G SU{8) be such a gauge 
transformation. For the BPS 1/2 SUSY preserving black hole we obtain 



where 



Zab{x) = Xix)[U{x)€U^{x)\^^ , (97) 



\{x) = A(x) = -^ mx)]-'/' (98) 



is a unique real skew eigenvalue characterizing the central charge at any point in space- 
time. Since by definition of the USp{8) group the matrix C is invariant against such 
transformations, it follows that in (|97|) we have introduced 63 — 36 = 27 new arbitrary 
functions parametrizing the coset manifold SU{8)/USp{8). They are the A/" = 8 analogue 
of the single phase Z/\Z\ appearing in the M = 2 theory. Yet, what matters and is an 
intrinsic property of the 1/2 background is that: in any spacetinie point the four skew 
eigenvalues of the central charge Zab cLre real and coincide. 

From this property follows an identity which will be crucial in proving the K-supersymmetry 
of the 0-brane action. Indeed, using the expression ( P?] ) for the central charge, we have 

1 ^ABCDEFGH y y 1 \( ^\ ABCDEFGH jj E' tt F' tt G' tt H'r< n 

24 e ^EF^GH — 2i^[^)^ '-' E '-^ F ^G '-^ H ^E'F' ^G'H' 

- 1 \(^\fr^ TlB frC fjD A'B'C'D'E'F'G'H' ^ ^ 

= \{x)U\,U%,U%,U^^,C^^'^' C^''>'^ 

= zI^^Z^^l . (99) 

Note that the last equality follows precisely from the reahty of the skew eigenvalue \{x). 
Let us now turn our attention to the 1/4 susy preserving black holes. 



5.3 The 1/4 black hole and its central charge 

In the 1/4 case (z/ = 2) we have: 

vjab = -'^BA = diag (€4x4, O4X4) , 



(100) 



and following \2A\ it is convenient to introduce the further notations: 

VtAB = -^BA = diag (04x4, C4X4) , 

= I diag (C4x4, ±^4x4) • 



'^AB = 2 i'^AB ± ^Ab) 



(101) 



Then the BPS black hole solution admitting the gauge-fixed Killing spinor ([73|) can be 
written as follows. The metric is 



ds^ = - [Hi{x) H2{x)]-^'^ dt" + [Hi{x) H2{x)f^dx^ 
The electric and magnetic field strength are 

-AS 



(102) 



J^' 



—^ {[Hi{x)] ^ gir/s + [H2{x)] ^ ^2 r^s) -^dt A x ■ dx 



1 



^AS 



8v^ 



qi 



H2{x) 
HAx) 



^AS + ?2 



Hi{x) 
Hoix) 



X 



T. 



AS 



dx^ A dx'^eijk .(103) 



The coset representatives describing the scalar fields are 



I 



AS 
AB 



h 



AS|A_B 




'^AS ''"as + 



''as '^AB + 



Hijx) 
Hlix] 

H2(x 



1/4 



Hf{x) 



''as '^ab 

^1/4 



AS MB 5 



(104) 



where Hi^2{x) are two harmonic functions in the 3-dimensional transverse space with 
boundary condition H{oo) = 1: 



H,{x) 



1 + ^ 



Hoix) 



1 + ^ 
r 



(105) 



where qi^2 is the same parameter appearing in 

Inserting ( |103|) in the integrals (|88|) we obtain the values of the electric and magnetic 
charges for this solution: 



/^ = 



gAs 



8^2 



qi r^s + ?2 r 



AS 



(106) 



and using ( |10(j| ) and ( |104[ ) in ( P7D we obtain the central charge: 



-'AB 
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Qi 



' H2{x) 
Hf{x) 



1/4 



Ub + ?2 



'fhix^ 
Hlix) 



1/4 



r 



AS 



(107) 
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From the explicit form ( |107| ) we see that at spatial infinity the central charge approaches 
the antisymmetric matrix 



Zoo 
AB 
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Qi Tab + ?2 t^b) = -Je diag ((gi + 52) ^4x4, (gi - ^2) ^4x4 



:io8i 



whose four skew eigenvalues are real and coincide in pairs as expected from table ^ On 
the other hand, near the horizon r — ;> the central charge goes to zero as r^/^. Also in 
this case the entropy is zero. 

Once again, we can remove the SU{8) gauge fixing utilized in deriving the 1/4 BPS 
solution by writing the analogue of (|97|), namely 



MB 



U{x) (Ai(x)r+^ + X2{x)r^B) U^i^) 



AB 



where 



\ t \ 9i 

Ai(x) = -- 



H2{x) 
HHx) 



1/4 



A2(x) = -- 



Hijx) 

mix) 



1/4 



(109) 
(110) 



and U{x) is an arbitrary SU{S) gauge transformation. 



5.4 The /t-supersymmetry projection and the 0-brane action for 
the cases of 1/2, 1/4 and 1/8 BPS backgrounds 

Having clarified these preliminaries we can now proceed to write the appropriate SU{^) 
covariant form of the projection on the K-supersymmetry parameter ka, i^^ and the world- 
line action that is invariant against such k transformations. 

Recalling equation ( [76| ) we introduce an 8 x 8 projection matrix: 



Pf)^l 



X) = 



U\x)h^^'^U{x) 



(111) 



where U{x) G SU{K) is the point-dependent 5'f/(8) gauge transformation that skew- 
diagonalizes the central charge. Such a transformation was already introduced in ( P?] ) 
and (|109|) . The parameter v takes the values v = 4,2,1 and distinguishes among the 
three cases of z//8 preserved supersymmetries. According to the conventions introduced 
in equation ( [73|) , 2z/ is the rank of the projector V^ [x) . Next we introduce the projected 
central charge tensor: 



'AB 



V^I^^'^{x)V^^^^^{x)Zcn 



B 



(112) 



Using such a notation the projection on either the Killing spinor of the BPS background 



(73) or the K-supersymmetry parameter can be rewritten in a manifestly SU{8) covariant 
fashion as follows: 






'2u {ZcdZ Zab f^"" 



^CD\ -1/2 ^AB 

'2v ( Zqd Z ] Z Kb ■ 



(113) 
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The generalization of the condition ( |75[ ) is 



B 



t^A = Va t^B 



P^B^ 



B 



(114) 



The K-supersynimetric action of a 0-brane moving in the background of a u/S supersym- 
metry preserving A/" = 8 on-shell configuration can now be written. It is an almost direct 
generalization of (|2^) and reads as follows: 

-"21/ Zab Z 



1 QAf=8 
IT ^ ' 



Ml 



WV' + lU''U''e) r]ab + U 



J Ah ^ 



the parameter a2u being fixed by K-invariance: 



(115) 



"21. 



(116) 



The proof of K-supersymmetry can be done along the same lines as in the M = 2 case; 
there are, however, a few subtleties that have to be taken into account, and that are 
different in the three cases v = 4,2, 1. First of all we need to recall the supersymmetry 
transformation rules of A/" = 8 supergravity. They read as follows (see [P7| and for current 
notations ||2^, |2^, ^ and Hill): 



5x 



ABC 



(-) 



vP'^^ 



6A 



An 

AE 



P. 



ABCD 



(5$* 



4 PABCD^d.^'l^e^ + 3T^ABip.r^ ^C] , 
+ \ (/^'^^ XABC la e^ + flsX^^"" la 6c) V^^ 



(117) 
(118) 
(119) 



PABCD\i5(^'' 



^.PQR ^S 



K 



(120) 
(121) 
(122) 



X[ABC^D] + 2A^ABCDPQRSX '^"' e" , 

e^l'^i^A. + Ul^i'^^ . 

As before the K-supersymmetry is an ordinary supersymmetry transformation of the back- 
ground fields with a supersymmetry parameter satisfying a suitable projection, given in 
this case by equation ( |113| ). The variation of the 0-brane action is done as in (^), ( PD 
and (|40D and we have to check the separate cancellation of the gravitino and dilatino 
terms. 

Just as before let us begin with the gravitino terms. At this level we obtain the 
variation: 

a2u Zab Z 



-6S] 



TX 



(2u) 



Afi 



V'a7"'^^+ ^^I'^t^A 



Tin 



-\^ 



+2p^^ (h^j. i'Al^B + hA^AB'ip 

-2q,J [f^'^'i^A-B + rAsr-' 
J Ml V 



(123) 
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The second and third hnes in equation ( |123| ) reconstruct the definition of the central 
charge tensors Zab, Z^^ . Yet, because of ( [114| ), we can safely replace the central charges 
with their hatted counterparts: 

2^"^^ (/^AE^^^A/^B + ^ASIAB?^/?^) -2gAS (/"^^'^^ ?A«B + /^ V ^^«:^) 
—AB_ - —A 

= 2Z IpA^^B + '^Zab'^P I^^ ■ 

(124) 
In the first line of (|123|) we can reduce the terms involving the gamma matrix 7" by use 



of the projection (|113|) and we obtain cancellation of the gravitino terms if the parameter 



a2v satisfies the condition ( |116| ). Just as in the M = 2 case, the non-trivial check is to 



verify that the same coefficient also guarantees the cancellation of the dilatino terms. This 
indeed happens in a different subtle way for the three values i/ = 4, 2, 1. 

At the level of the dilatino terms the K-supersymmetry variation of the 0-brane action 
reads as follows: 

- \ ^AE /^^^ (/'"^'^ XPQc7a«:^ + f\<, X^^Sa/^c) V^ ■ (125) 

In deriving the above equation we have used the following differential relation satisfied by 
the central charge [^ and therefore by its projected version: 

VZab = PabcdZ^'' -^ VZab = Vi' V§' Pa'b'cdZ'''' , (126) 

the symbol V denoting the SU{8) covariant derivative. 



Substituting the explicit form of the scalar field supersymmetry transformation (|120|) 
and utilizing the projection ( |113| ) we obtain: 

~^S{2i7f = J ^ ( ^CD^ j iZ Z + ^Zi,jZkL<^^''^^'^^^^]X[CDrI^S] 

^J2aj ( ^ ^CD\-'^/'^ _CD—RS _ 

+ — — ( ZcdZ ) Z Z XcDR^s + Hermitian conjugate , (127) 



where special attention must be paid to some details. In the first line of (|127|) the term 



X\cDR i^s] is completely antisymmetrized in the indices CDRS, while the same term in 
the second line of equation ( p. 2 7] ) is not antisymmetrized. Moreover, some of the central 
charge tensors appearing in equation ( |127| ) wear a hat, namely are projected, and some 
do not. 

We can now discuss the cancellation of the dilatino terms for the three values of z/. 

Case 2^ = 8 . Here the projection operator V^ is the identity operator and we have 
Zab = Zab- Furthermore, in view of the identity (|99|) we see that the two terms on 
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the first line of ( |127 ) are identical and sum together. On the other hand, we also 



have Z Z = Z Z so that the cancellation of the dilatino terms occurs if: 

as = iV2 , (128) 



which for z/ = 4 coincides with (|116|) 



Case 1v = 4 . Here there is a difference between Zab and Zab- A little analysis is needed 
to show that the first and second term in the first line together reconstruct indeed 
all the possible cases present in the second line of (|127|) , upon use of the extension 
of the identity ( pUD to the case that one of the central charges is projected. One 
eventually finds that, in agreement with ( p.l6| ), the dilatino terms cancel if 

a4 = 1 • (129) 



Case 2z/ = 2 . In this last case the second term in the first line of equation (|127|) vanishes 



identically since there is antisymmetrization on the indices IJ and S that all lie in 
a two-dimensional subspace. As for the first term on the same line, in order to 
single out the non-vanishing contribution that can cancel with the similar term in 
the second line one has to develop the antisymmetrization. We have 



T^^ -r^RS i^C'^^fiS , t-ftCD^^^ 



X[cdrI^s] = \Z Z XcdrI^s + \Z Z XcDRf^s , (130) 



and the first of the two terms appearing on the right hand side of (|130| ), vanishes 
for the same reason as before. We cannot antisymmetrize in CDR when all of the 
three indices lie in the two-dimensional subspace singled out by the projection. On 
the other hand, the second term on the right-hand side of (|130|) can cancel with the 
second line of equation ( |127| ). For this case, therefore, the dilatino terms cancels if 

a2 = V2, (131) 



which is once again consistent with the v = 2 case of (|116|) 



In this way we have completed the proof of K-supersymmetry and shown that (|115D is the 
correct 0-brane action for all A/" = 8 supergravity backgrounds. 

6 Outlook 

In this paper we have constructed 0-brane actions for superparticles moving in generic 
D = 4 supergravity backgrounds that preserve a residual fraction of supersymmetry. 
Typically such backgrounds are BPS black holes. The main issue in writing these actions is 
the coupling of the 0-brane, not only to the metric and the gauge fields of the background, 
but also to its scalar fields. 

The main application of our result appears to be its possible use as an instrument 
to investigate the structure and the properties of (1 -|- 0)-dimensional conformal field 
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theories ( super conf or inal quantum mechanics) hving on the boundary of two-dimensional 
anti-de Sitter space. Indeed, in those cases where the black hole entropy is finite, the near- 
horizon geometry of the black hole is 0^5*2 x S*^ and we can formulate the Kaluza-Klein 
programme for = 4 supergravity as its compactification on 5*^. In complete analogy 
with we can then study the conformal field theory on the adS2 boundary starting from 
our superparticle action. Other applications are possible but this is the main one that 
motivated us to undertake the present study. 

In deriving our result, one main point that had to be cleared, was the correct for- 
mulation of the projection equation satisfied by the K-supersymmetry parameter. This 
projection is identical to the equation satisfied by the BPS Killing spinor admitted by the 
corresponding supergravity background. In previous literature this Killing spinor equa- 
tion was written in fixed U{Af) gauges. In the present paper we have restored its complete 
U{N) covariance, SU{K) covariance for A/" = 8. 
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A Notations and self-duality of antisymmetric ten- 
sors 

In table ^ we give a list of indices, listing its range, and comparing with notations in 
some of the references. Our spacetime metric is thus mostly +, which is opposite to 

Table 2: Comparison of indices and normalizations 



Here 


E,[l, 


m 


ii,o,i 


3|, H 


H 


Meaning 


Range 


i,i 


a, a 




i,i* 






Moduli 


l,...,n 


I 


/ 




A 






Symplectic 


0,...,ra 


A 


% 




A 






Extended susy 


1,2 


a, a 






a, a 






CY coordinates 


1,2,3 


/i 


/i 




i" 






Local D = 4 


0,...,3 


a 


a 




a 






flat D = 4 


0,...,3 


i 












Space 


1,2,3 


M 












D = 10 local 


0,...,9 


m 












D = 4 world-volume 


0,...,3 


9t,u 


9iiv 




-9pv 






Metric 




•J' ^v 


J~ pi,v 




IT 






Field strengths 




K 


-w. 




K 






Vectors 




^fiupa 


^^fivpa 




^pvpa 






Levi-Civita tensor 




r 


r 




ir 










X' 


X' 




L"^ 






Upper cov. hoi. section 




Fi 


Fi 




Ma 
X^ 
Fa 






Lower cov. hoi. section 
Upper hoi. section 
Lower hoi. section 




J- ^JiV 






2T^u 






Gravitino field strength 




e-A 


V2€' 




(-A 






susy parameter 




^t 


j=,^pi 




K 






gravitino 





[TT], ^ |2^, ^. There are more small differences in normalization between some of 
the articles in the same group. In the table we use the most recent ones. A more detailed 
comparison can be found in the appendix B of |^. For A/" = 8, of course, A = 1, . . . , 8, 
and we use also A, S = 1, . . . , 8, related to E^. 



We adopt the notation where in any dimension eoi,.. 



(d-i) 



1, and the dual F of a 



tensor F is defined such that it squares to the identity: F = F. With complex variables 
in the CY (say y°' and |/"), we have 

where the i now appears by going from real indices 5, . . . , 9 to holomorphic and anti- 
holomorphic indices a, a. Duality in 10-dimensional Minkowski space should be defined 
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by 



FmNPQR — -r:^MNPQRSTUVwF 



STUVW 



(133) 



in order thatF = F. Taking a 5-form with only non-zero components F^^aii-y = F^^Vtap-y^ 
and taking the metric with g°"^ = 1, the tensor with upper indices has non-zero com- 
ponents F^*^"^^ = F^'^QaP'y The factor i in ( |132| ) is absorbed in taking the dual in 4 



dimensions, such that we have 



fiuaf^-y 



F fi^^'°^ 



/luap-y 



F fi^^'°^ 



(134) 



For the other 3-forms in the CY some re-ordering of indices has to be made in the Levi- 
Civita tensor, such that 



fiuafS'j 



fiuafS^ 



fiua/B'y 





"^ -f fMua/S-y 


-F 0^^'^) 




P _ 


Ffiu^l-a^^ 


. r)(o,3) 


Tp _ 


1^'^ a/37 



(135) 
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